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In this work we show that optimal ratchet currents of two interacting particles are obtained
when stable periodic motion is present. By increasing the coupling strength between identical
ratchet maps, it is possible to find, for some parametric combinations, current reversals, hyperchaos,
multistability, and duplication of the periodic motion in the parameter space. Besides that, setting
a fixed value for the current of one ratchet it is possible to induce a positive/negative/null current
for the whole system in certain domains of the parameter space.
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Ratchet models are well-known prominent can-
didates to describe the transport phenomenon
in nature in the absence of external bias. The
ratchet effect is defined as the rectification of
an external net-zero force to obtain a directional
transport of particles in spatially periodic media.
While single ratchet systems have been exten-
sively studied in the literature, the dynamics in
coupled ratchets is almost unknown. In this work
we exhaustively explore the parameter space of
two elastically coupled ratchet model and char-
acterize the global dynamics of the whole system
for a symmetric coupling configuration. The pa-
rameters of the system are the coupling strength
of elastic interaction between the ratchets, the
damping factor, and the ratchet potential ampli-
tude. Such simple configuration is enough to pro-
duce competing influences between the ratchets
and leads to the appearance of complex behav-
iors as hyperchaotic dynamics, current reversals
and multistability observed in phase and param-
eter spaces.
I. INTRODUCTION
Ratchets are physical devices constructed in such a
clever way that they are able to transport particles with
nonzero macroscopic velocity in the absence of macro-
scopic external bias. They only operate with success
when time and spatial symmetries are simultaneously
broken. The motion of single Brownian particles in
ratchet-like devices has attracted great attention in the
last decades due to its great ability to describe sys-
tems and phenomena as molecular motors [1–3], coupled
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Josephson junctions [4], mass separation [5] and trans-
port of solitons in crystals [6], among many others. In
the context of molecular motors (protein molecules that
perform essential tasks to the life of the organism like
muscle contraction, intracellular transport, and cell divi-
sion), the ratchet model has helped to understand how
they operate [7]. A crucial advance in the understanding
of how optimal ratchets currents are generated was only
obtained when the relation between optimal ratchet cur-
rents (RCs) and the Isoperiodic Stable Structures (ISSs)
was established [8]. The ISSs, observed in many dissi-
pative continuous- and discrete-time dynamical systems
[9–15], delimit the range of available parameters which
lead to regular orbits. Most importantly, the ISSs ap-
pear along preferred directions in the parameter space
furnishing a guide to follow the optimal ratchet current
[8].
The relevance of parameters chosen inside ISSs for the
generation of optimal currents in coupled ratchet devices
is completely unknown. The main goal of the present
work is to characterize this relevance. Realistic sys-
tems are composed of many interacting particles and it
is not clear what is the contribution of the mutual par-
ticle interaction on the ratchet current. Thus, in this
work we start showing the effects of the elastic interac-
tion between two ratchet devices on the current inside
ISSs. Some transport properties of an elastically cou-
pled lattice of particles in a periodically flashing ratchet
potential has already been examined [16]. They demon-
strated that mutual couplings among particles may im-
prove the transport efficiency when the coupling strength
overcomes a threshold and the interaction between the
particles clearly influences the directed motion. An effec-
tive potential for the center-of-mass of particles has been
proposed [17] in order to understand this behaviour.
This paper is organized as follows. Section II presents
the model of coupled maps, summarizes some properties
of the uncoupled ratchet map and defines the ratchet cur-
rent. Discussions and results are given in Sec. III for two
identical coupled ratchet maps, and in Sec. IV for dis-
tinct coupled ratchet maps. Finally in Sec. V we present
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II. TWO COUPLED-RATCHETS MODEL
The model studied in this work is composed of two-
coupled Ratchet Maps (RMs) [8, 18] which may present
distinct dynamical properties. The coupling force be-
tween the ratchets is elastic [19, 20] according to:
RM(1)

p′1 = γ1p1 +K1[sin(x1) + a sin(2x1 + φ)]
+ c (x2 − x1),
x′1 = x1 + p
′
1,
(1)
RM(2)

p′2 = γ2p2 +K2[sin(x2) + a sin(2x2 + φ)]
+ c (x1 − x2),
x′2 = x2 + p
′
2,
where Ki, for i = 1, 2, are the nonlinearity parameters
and c is the coupling constant. The prime represents the
discrete time evolution. This model describes the dynam-
ics of two coupled particles that move on the x direction
with x ∈ (−∞,+∞) in a asymmetric potential, while p
is the conjugate momentum of x and γi ∈ [0, 1] repre-
sents the dissipation of particle i. The spatial symmetry
is broken when a 6= 0 and φ 6= lpi, where l is an inte-
ger. In the present work we kept fixed the parameters
a = 0.5 and φ = pi/2 [8, 21] and studied the two di-
mensional parameter space (K2, γ2) for the map RM(2)
using different parametric combinations (K1, γ1) for the
map RM(1) setting different intensities for c. In Sec-
tion III the case (K1, γ1) = (K2, γ2) was analysed and in
Section IV the parameter combination (K1, γ1) was kept
fixed, allowing to choose the momentum of the particle
i = 1.
The quantity that gives us insights about transport
properties of the i-th RM is the Ratchet Current (RC)
Ji, defined as a double average of the momentum pi:
Ji = 1
M
M∑
k=1
[
1
N
N∑
n=1
p
(k,n)
i
]
, (2)
where M is the number of initial conditions (ICs) and
N the total iteration time. The ICs must be equally dis-
tributed between the interval (xmini , xmaxi ) = (pmini , pmaxi ) =
(−2pi, 2pi), since they can not establish an preferred direc-
tion. For the system (1), the total ratchet current (TRC)
JT is give by
JT = J1 + J2. (3)
By this definition, the TRC tends to zero when p1 =
−p2, while the maximum magnitude for TRC is obtained
when p1 and p2 have the same direction and assume the
maximum value.
III. COUPLING OF TWO IDENTICAL RMS
To determine the influence of the coupling strength
c on the dynamics of the system (1), we start plot-
ting the parameter space (K2, γ2) with colors represent-
ing the respective TRC JT (see color bars in the fig-
ures). The first case considered, shown in Fig. 1, con-
sists of a system of two identical coupled RMs for which
(K1, γ1) = (K2, γ2). Figure 1(a) shows JT for the un-
coupled case c = 0. The configuration observed in the
parameter space is identical to that obtained for a single
map (see e.g. Refs. [8, 21]). The difference is that the
colors in Fig. 1 represent the TRC for the system (1). In
the uncoupled case JT = 2J1 = 2J2, since the maps are
equal. As can be seen in the palette positioned to the
right of Fig. 1, black color represents TRCs close to zero,
increasing positive TRCs are found in regions with colors
going from cyan to blue, and increasing negative TRCs
are identified by the colors changing from yellow to red.
Figure 1. (Color online) Parameter space (K2, γ2) with colors representing the TRC JT for the system (1) in (a) (c = 0), (b)
(c = 10−5), (c) (c = 10−3), and (d) (c = 10−1), considering the coupling of two identical RMs [(K1, γ1) = (K2, γ2)]. For each
parametric combination (K2, γ2), JT was obtained using 104 ICs and N = 5× 104 iterations after a transient time of 8× 104
iterations.
3It is well established in the literature that, for the un-
coupled case, most regions with zero RCs correspond to
a chaotic dynamics, while parametric combinations that
lead to optimized values of RCs are delimited by the
ISSs [8].
Increasing the coupling strength c, it is possible to note
in Figs. 1(b), 1(c), and 1(d) that the coupling tends to de-
stroy the ISSs, starting from their antennas, decreasing
the amount of parametric combinations that generates
non-zero RCs. Such destruction of the ISSs is similar
to what is observed in ratchet subjected to noise or tem-
perature (for more details see [21–23]). Besides that, it is
possible to observe a small translation in parameter space
from those ISSs which resist to larger coupling strengths
and contain positive or negative TRCs.
A. Current Reversal
In the system composed of two identical RMs we can
observe that, increasing the coupling intensity c, the di-
rection of particle’s motion changes in some regions of
the parameter space. To demonstrate this phenomenon
(also exhibited in continuous-time dynamical systems of
two interacting ratchets [19, 24]), we highlighted two
parametric combinations: (i) (K1, γ1) = (K2, γ2) =
(6.0, 0.74), indicated in Fig. 1(a) by the white point CR1;
and (ii) (K1, γ1) = (K2, γ2) = (5.6, 0.585), indicated
in Fig. 1(a) by the white point CR2. To analyze the
current reversal, we kept fixed these parametric combi-
nations and increased slightly the coupling strength c.
For each value of c, we performed the calculation of JT
using 104 ICs equally distributed between the interval
(xmini , x
max
i ) = (p
min
i , p
max
i ) = (−2pi, 2pi) and N = 5 × 104
iterations after a transient time of 8× 104 iterations.
In Fig. 2(a) the behavior of JT as a function of c for
the case (i) is plotted. For this parametric combination,
JT ≈ 8pi for c = 0, since we have the sum of two un-
coupled particles with RC Ji ≈ 4pi. The current reversal
from JT > 0 to JT < 0 occurs for c ≈ 3 × 10−6. The
negative TRC with maximum magnitude is obtained for
c ≈ 2.9 × 10−5, and is JT ≈ −10.745215. For this case,
increasing the value of c, the TRC tends to zero. In
Fig. 2(b) the same analysis is shown but for the case (ii),
for which we have a transition from JT < 0 to JT > 0
that occurs for c ≈ 2.4× 10−4. For this parametric com-
bination, JT ≈ −4pi if c = 0 and for c > 2.4 × 10−4
the value of TRC stabilizes around +pi. Additional sim-
ulations (not shown here) demonstrate that the TRC re-
mains around +pi until c ≈ 10−2 and, after this coupling
strength, JT tends to zero.
B. Duplication of ISSs
Using strong coupling intensities in the system (1) we
can observe that the domain of the parameter space with
negative RCs is duplicated, as shown in Fig. 1(d) for
Figure 2. (Color online) TRC JT as a function of c for the
system (1) considering the coupling of two identical RMs with
(K1, γ1) = (K2, γ2) = (6.0, 0.74) in (a) [white point CR1 in
Fig. 1(a)] and (K1, γ1) = (K2, γ2) = (5.6, 0.585) in (b) [white
point CR2 in Fig. 1(a)]. For each value of c, JT was obtained
using 104 ICs and N = 5 × 104 iterations after a transient
time of 8× 104 iterations.
c = 10−1. Recently, similar findings were reported in
time discrete dynamical systems by using external pe-
riodic perturbations to generate multiple attractors in
phase space and ISSs in the parameter space [25, 26]. In-
creasing the intensity of the external perturbation, the
regular structures start to separate from each other and
an effective enlargement of the available stable domain
in the parameter space is obtained. This methodology
was successfully applied in the RM to retain thermal ef-
fects and to increase the area of the parameter space
that leads to optimal RCs [21]. In the case of continu-
ous systems, new stable attractors are not created but the
steering of the existing multiple attractors in phase space
was used to increase the regular region of the parameter
space for the Langevin equation and for the Chua’s elec-
tronic circuit [27]. This results lead us to conclude that
duplications of stable regimes are closely related to mul-
tistability.
To investigate the process behind the duplication in the
case of the coupled system (1), we focus on the paramet-
ric range presented in Fig. 3 for couplings c = 5 × 10−2
and c = 1 × 10−1. We can observe in Figs. 3(a) and
3(b) (see color bar) that increasing the value of c a sec-
ond parametric domain with negative RC (yellow and
red) arises and these two identical regions start to move
away from each other. In Figs. 3(c) and 3(d) the same
range was analyzed, but the colors now represent the pos-
sible combinations of different classes of attractors that
can be found for the same point (K1, γ1) = (K2, γ2) in
the parameter space. To obtain this information, we use
4Figure 3. (Color online) Parameter space (K2, γ2) with
colors representing the TRC JT for the system (1) in (a)
(c = 5 × 10−2) and (b) (c = 10−1), and the different classes
of attractors found in each parametric combination in (c)
(c = 5× 10−2) and (d) (c = 10−1).
81 ICs for each parametric combination and look at the
values of the Lyapunov exponents (LEs) of the result-
ing trajectories. For a periodic attractor (P), λi < 0 for
i = 1, 2, 3, 4. A chaotic attractor (C) takes place if λ1 > 0
and λi < 0, for i = 2, 3, 4, while a hyperchaotic attrac-
tor (H) is typically defined as a chaotic attractor with at
least two positive Lyapunov exponents. In addition to
these three, there is another type of dynamical motion
that is common: the quasiperiodic motion. A bounded
orbit that is not asymptotically periodic and that does
not exhibit sensitive dependence on initial conditions is
called quasiperiodic [28]. Thus, for a quasiperiodic at-
tractor (QP) we have λ1 = 0 and λi < 0 for i = 2, 3, 4,
or λ1 = λ2 = 0 and λi < 0 for i = 3, 4. Given the above
definitions, in Figs. 3(c) and 3(d) it is possible to find,
for the same point in the parameter space, the following
classes of attractors:
• HCP: hyperchaotic, chaotic, and periodic attrac-
tors;
• HC: hyperchaotic and chaotic attractors;
• H: only hyperchaotic attractors;
• C: only chaotic attractors;
• HP: hyperchaotic and periodic attractors;
• CP: chaotic and periodic attractors;
• QP: quasiperiodic and periodic attractors;
• 1, 2, 3, and 4 different periodic attractors.
Some of these combinations of coexisting attractors can
be seen in Fig. 4, that shows the projection of the
phase space (x1, p1, x2, p2) of the system (1) in the plane
(x2, p2), considering the coupling strength c = 5× 10−2.
In Fig. 4(a) the hyperchaotic (blue), the chaotic
(yellow) and the periodic (black) attractors found for
(K1, γ1) = (K2, γ2) = (5.8, 0.71) are plotted. This para-
metric combination is indicated in Fig. 3(c) by the red
color (HCP). Figure 4(b) shows the hyperchaotic (blue)
and the periodic (black) attractors that can be found
for (K1, γ1) = (K2, γ2) = (5.4, 0.65), parametric combi-
nation indicated in Fig. 3(c) by the black color (HP).
A quasiperiodic attractor (red) is plotted in Fig. 4(c)
along with a periodic attractor (black), both found for
(K1, γ1) = (K2, γ2) = (5.3, 0.61). The regions of the pa-
rameter space for which we found at least one quasiperi-
odic attractor are indicated in Figs. 3(c) and 3(d) by the
green color (QP). These domains are located inside the
ISSs, next to the parameters for which period doubling
bifurcations occur for the uncoupled case. The coexis-
tence of two periodic attractors that occurs for
Figure 4. (Color online) Projection of the four-dimensional phase space (x1, p1, x2, p2) in the plane (x2, p2) showing the different
classes of attractors found in (a) (K1, γ1) = (K2, γ2) = (5.8, 0.71): HCP - hyperchaotic (blue), chaotic (yellow) and periodic
(black) attractors; (b) (K1, γ1) = (K2, γ2) = (5.4, 0.65): HP - hyperchaotic (blue) and periodic (black) attractors; (c) (K1, γ1) =
(K2, γ2) = (5.3, 0.61): QP - quasiperiodic (red) and periodic (black) attractors; and (d) (K1, γ1) = (K2, γ2) = (5.4, 0.63): 2
different periodic attractors (black and green), all cases using c = 5× 10−2.
5Figure 5. (Color online) Parameter space (K2, γ2) with colors representing the TRC JT for the system (1) using (a) c = 10−7,
(b) c = 10−5, and (c) c = 10−3. The parametric combination (K1, γ1) = (7.0, 0.52) [white point A in Fig. 1(a)] was kept fixed,
giving rise to a chaotic dynamics with J1 ≈ 0 for the map RM(1), according to Table I.
(K1, γ1) = (K2, γ2) = (5.4, 0.63) is shown in Fig. 4(d).
To identify different periodic attractors, we compared the
largest LE λ1 and the total time average 〈p1〉+ 〈p2〉 ob-
tained for each attractor between them. These quanti-
ties are calculated along a trajectory of 5×106 iterations
reached after a transient time of 1.2× 107 iterations. In
Fig. 4(d) it is possible to note that the time average
〈p1〉 + 〈p2〉 is the same for the two periodic attractors
which have period 2. However, they can be differenti-
ated by the respective values of λ1.
Figures 3(c) and 3(d) show that the duplication of the
region with negative RC is due to the birth of the black
region in which a hyperchaotic and a period-2 attractor
coexist, scenario displayed in Fig. 4(b) for the case with
c = 5× 10−2. In this region of the parameter space, the
hyperchaotic attractor [blue color in Fig. 4(b)] has time
average 〈p1〉 + 〈p2〉 ≈ −2, and for the period-2 attrac-
tor [black color in Fig. 4(b)] this value is around −4pi.
Since the basin of attraction of the period-2 attractor is
larger (99% of the 104 ICs used) than the basin of attrac-
tion of the hyperchaotic one, this parametric domain is
characterized by a negative RC.
IV. COUPLING OF TWO DIFFERENT RMS
The next step is to keep fixed the values (K1, γ1) for
the mapRM(1) and change the parameters (K2, γ2). The
values (K1, γ1) were chosen according to the value of J1.
The purpose of this study is to determine how the current
of the particle i = 1 influences the current JT of the
whole system. The parametric combinations used for this
analysis are indicated in Fig. 1(a) by the white points A,
B, C, D, and E, and Table I specifies the period of the
orbit obtained and the value of J1.
A. RM(1) with J1 ∼ 0
The first case analyzed is (K1, γ1) = (7.0, 0.52), for
which a chaotic dynamics is obtained for the map RM(1)
and the RC J1 is around zero. The parameter space
(K2, γ2) is displayed in Figs. 5(a), 5(b), and 5(c), with
Table I. Fixed values used for K1 and γ1 in model (1) and
marked as white points in Fig. 1(a).
Label (K1, γ1) Period J1
A (7.0, 0.52) chaos 0.02869127
B (5.2, 0.50) 1 6.28318531
C (6.8, 0.70) 1 12.56637061
D (5.6, 0.64) 2 −6.28318531
E (6.1, 0.81) 2 −12.56637061
coupling strengths c = 10−7, 10−5 and c = 10−3, re-
spectively. In Fig. 5(a) it is possible to note that weak
couplings between the particles have a similar effect on
the ISSs as weak noise, namely to destroy only the an-
tennas of the ISSs. The same is observed for the case
(K1, γ1) = (K2, γ2).
In Fig. 5(b), for which an intensity c = 10−5 was
applied, unexpected current reversals can be observed.
To treat this phenomenon in more detail, we indicate
in Fig. 5(a) four parametric combinations (K2, γ2) for
which the current reversal occurs. They are: (1) CR3:
(K2, γ2) = (5.8, 0.50); (2) CR4: (K2, γ2) = (5.6, 0.67);
(3) CR5: (K2, γ2) = (6.8, 0.69); and (4) CR6: (K2, γ2) =
(6.1, 0.81). The value of the TRC JT as a function of
c for these parametric combinations is plotted in Fig. 6.
This figure shows that for the points CR3 and CR5 the
6Figure 6. (Color online) TRC JT as a function of c for the
system (1) considering the coupling of a chaotic map with
(K1, γ1) = (7.0, 0.52) and the map RM(2) with parameters
(K2, γ2) indicated by the white points CR3, CR4, CR5, and
CR6 in Fig. 5(a). For each value of c, JT was obtained using
104 ICs and N = 5 × 104 iterations after a transient time of
8× 104 iterations.
transition occurs from JT > 0 to JT < 0, while for CR4
and CR6 the transition occurs from JT < 0 to JT > 0.
Beside this, it is possible to note that these transitions
happen for weak couplings (c ∼ 10−6). Fig. 5(c) shows
that no regions with negative TRCs can be found any-
more when using c = 10−3.
B. RM(1) with J1 > 0
Figure 7 shows the parameter space (K2, γ2) of the
map RM(2) coupled to RM(1) with parametric combi-
nations (K1, γ1) = (5.2, 0.5) [white point B in Fig. 1(a)]
and (K1, γ1) = (6.8, 0.7) [white point C in Fig. 1(a)],
both cases leading to a period-1 stable attractor. For the
uncoupled case plotted in Fig. 1(a), ISSs with period-1
contain positive RCs and are organized along a preferen-
tial direction. Along this direction, the absolute value of
the RC increases 2pi inside ISSs of same period [8]. For
instance, the parametric combinations indicated by the
white points B and C in Fig. 1(a) have RCs J1 ≈ 2pi and
J2 ≈ 4pi, respectively, according to Table I. Keeping fixed
the parameter-pair (K1, γ1) = (5.2, 0.5) in model (1), the
results are shown in Figs. 7(a) for c = 10−7, 7(b) for
c = 10−5, and 7(c) for c = 10−3.
In Fig. 7(a) we can see that, by keeping fixed the value
J1 ≈ 2pi for the map RM(1), it is possible to generate a
TRC JT = 0 (black color) in the parametric domain in-
side the ISS that originally contain RC with value around
−2pi in the uncoupled case. Increasing the coupling be-
tween the maps to c = 10−5 and to c = 10−3, the ISSs
with negative TRC (yellow and red regions) collapse to a
single region of the parameter space. For c = 10−3 [Fig.
7(c)], the positive TRCs indicated by the different shades
Figure 7. (Color online) Parameter space (K2, γ2) with colors representing the TRC JT for the system (1). In (a) (c = 10−7),
(b) (c = 10−5), and (c) (c = 10−3) the parametric combination (K1, γ1) = (5.2, 0.5) [white point B in Fig. 1(a)] was kept
fixed, resulting in orbits with period-1 for the map RM(1) and in a RC J1 ≈ 2pi, according to Table I. In (d) (c = 10−7), (e)
(c = 10−5), and (f) (c = 10−3) the parametric combination (K1, γ1) = (6.8, 0.7) [white point C in Fig. 1(a)] was kept fixed,
resulting in orbits with period-1 for the map RM(1) and in a RC J1 ≈ 4pi, according to Table I.
of blue occupy the most part of the parameter space (K2, γ2). Choosing (K1, γ1) = (6.8, 0.7), for which J1 ≈
7Figure 8. (Color online) Parameter space (K2, γ2) with colors representing the TRC JT for the system (1). In (a) (c = 10−7),
(b) (c = 10−5) and (c) (c = 10−3) the parametric combination (K1, γ1) = (5.6, 0.64) [white point D in Fig. 1(a)] was kept
fixed, resulting in orbits with period-2 for the map RM(1) and in a RC J1 ≈ −2pi, according to Table I. In (d) (c = 10−7), (e)
(c = 10−5) and (f) (c = 10−3) the parametric combination (K1, γ1) = (6.1, 0.81) [white point E in Fig. 1(a)] was kept fixed,
resulting in orbits with period-2 for the map RM(1) and in a RC J1 ≈ −4pi, according to Table I.
4pi, similar results are obtained. In Fig. 7(d), which
shows the case c = 10−7, we can note a zero TRC JT
(black color) in the region inside the ISS that has RC
around −4pi for the uncoupled case. Using c = 10−5,
case plotted in Fig. 7(e), only a small parametric do-
main lead to negative TRCs, while using c = 10−3, case
showed in Fig. 7(f), only positive TRCs can be found.
C. RM(1) with J1 < 0
Now we present in Fig. 8 the results obtained by keep-
ing fixed (K1, γ1) = (5.6, 0.64) [white point D in Fig. 1(a)]
and (K1, γ1) = (6.1, 0.81) [white point E in Fig. 1(a)]
for the map RM(1). Considering the uncoupled case
(c = 0), the resulting RCs for these parametric com-
binations are J1 ≈ −2pi and J1 ≈ −4pi, in this order,
both cases associated with period-2 attractors (see Ta-
ble I). Figure 8(a), obtained using (K1, γ1) = (5.6, 0.64)
and c = 10−7, shows that the period-1 ISS which contain
positive RC around 2pi in the uncoupled case now has a
TRC JT = 0 (black color), since we kept fixed the RC
J1 ≈ −2pi. In Figs. 8(b) and 8(c), which show the cases
c = 10−5 and c = 10−3, respectively, it is possible to
note that regions with positive TRCs (blue color) remain
occupying considerable portions of the parameter space,
even though we set a negative RC for the map RM(1).
This phenomenon can be understood when considering
that ISSs with lower periods are more resistant to per-
turbative effects, being the period-1 ISSs less affected
than the period-2 ISSs, for example. This explains why
in Fig. 7 regions with negative TRCs (associated to the
period-2 ISSs of the uncoupled case) tend to vanish when-
ever a positive value for J1 was set (picked up inside the
period-1 ISSs of the uncoupled case), while in Fig. 8 a
large region with positive TRCs (cyan and blue) remain
for considerable values of coupling strength even though
we set negative values for J1.
In Figs. 8(d), 8(e), and 8(f) the results obtained keep-
ing fixed the parameters (K1, γ1) = (6.1, 0.81) and using
c = 10−7, 10−5, and c = 10−3, respectively, are shown. In
this case, a null TRC takes place inside the period-1 ISS
for which a positive RC of magnitude around 4pi is ob-
tained for c = 0, indicated by the black color. In Fig. 8(e)
it is possible to find a large region with high values of
negative TRC (dark-red color). Increasing the coupling
parameter to c = 10−3 such region disappear, and sur-
prisingly positive TRCs are present in a wide portion of
the parameter space, which is related to the robustness
of the period-1 ISSs of the uncoupled case.
V. CONCLUSIONS
Recently it was shown [8] that single ratchet devices
produce optimal currents when the parameters of the sys-
tem are chosen inside ISSs which live in the parameter
space and generate a stable dynamics. We recall here
8that the ISSs explain all the relevant dynamics which oc-
curs to the ratchet current, ranging from optimal current,
current reversal, temperature induced destruction or en-
hancement of the current, among others. The present
work analyses the relevance of such ISSs in the case of
two coupled ratchet devices. Furthermore, our results
show that it is possible to use one ratchet device to con-
trol the current of the other one, leading to completely
unexpected behaviors.
We study numerically some of the different dynam-
ical behaviors of a system composed of two elastically
coupled ratchet. Such a system can exhibit, depending
on the intensity c of coupling, current reversals (from
JT > 0 to JT < 0 and vice versa), duplication of ISSs,
hyperchaos and the coexistence of the different kind of
attractors, namely chaotic and periodic, periodic and hy-
perchaotic, chaotic and hyperchaotic, quasiperiodic and
periodic, and more than one periodic attractor. The va-
riety of complex dynamics induced by the interaction be-
tween the ratchets can be nicely explained in terms of
the ISSs. However, when the value of coupling c between
the maps RM(1) and RM(2) increases, optimal RCs can
appear in distinct regions of the parameter space, differ-
ently from the case with one uncoupled particle in which
high values of RCs are found only inside the ISSs. Fi-
nally, the duplication of the ISSs caused by the inter-
acting ratchet (observed using external forces in 1- and
2-dimensional maps [21, 25, 26] and in continuous-time
dynamical systems [27]) is a very interesting results and
leads to an intriguing question regarding the dynamics
of many particles interacting systems. It is possible to
observe multiplication of ISSs when multiple ratchet are
weakly coupled? If so, multiple particle coupled ratchet
devices should have an almost regular behavior with op-
timal current. This is subject of future work.
We also mention that in this work we used equal cou-
pling strength c between both ratchet. In case of distinct
coupling strengths, say cRM1 6= cRM2 (even if one of them
is very small), might drastically change the configura-
tion of the attractors and multistable behaviors in phase
space. Interesting results about this subject were ob-
tained for two elastically interacting neurons modeled by
FitzHugh-Nagumo oscillators coupled to each other [29].
There, it was shown that when the coupling strength be-
tween neurons are different, multistability still holds, but
the attractors configuration is completely changed. A
similar scenario is expected in problems involving near
identical ratchet oscillators coupled together with dif-
ferent strengths, but it is very difficult to present some
generic statement about how its dynamics should be af-
fected. Indeed, further studies on such direction are
needed.
Another important issue is the influence of the noise on
the current of coupled ratchet particles. In this scenario,
it is expected that Levy noise may enhance the trans-
port of particles [30, 31], while for Gaussian noise the
total ratchet current tends to zero with increasing noise
intensity since the ISSs of the individual maps decrease
[21, 22].
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